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Abstract

This paper proposes a new interpolation technique based on density ap-
proach to solve topology optimization problems for heat transfer. Problems
are modeled under the assumptions of steady-state laminar flow using the
incompressible Navier-Stokes equations coupled to the convection-diffusion
equation through the Boussinesq approximation. The governing equations
are discretized using finite volume elements and topology optimization is
performed using adjoint sensitivity analysis. Material distribution and ef-
fective conductivity are interpolated by two sigmoid functions respectively
h.(a) and k. («) in order to provide a continuous transition between the solid
and the fluid domains. Comparison with standard interpolation function of
the literature (RAMP function) shows a smaller transition zone between the
fluid and the solid thereby, avoiding some regularization techniques. In order
to validate the new method, numerical applications are investigated on some

cases from the literature, namely the single pipe and the bend pipe. Lastly, as
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two new parameters are introduced thanks to the interpolation functions, we
study their impact on results of the optimization problem. The study shows
that the proposed technique is a viable approach for designing geometries
and fluid-porous media interfaces are well-defined.

Keywords: Topology optimization, Heat transfer, Interpolation function,

Sigmoid function, Continuous adjoint method, Finite volume method

1. Introduction

Since its introduction by Bendsoe and Sigmund [1] for solid mechanics
problems, topology optimization has become a powerful and increasingly
popular tool for designers and engineers for design process. Topology opti-
mization is a material distribution method for finding the optimal structure,
for a given problem subject to design constraints. Contrarily to shape op-
timization where the topology (i.e. the number of boundaries and connec-
tivity) is predetermined, topology optimization allows introduction of new
boundaries during the design process.

Topology optimization was pioneered for Stokes flow by Borrvall and
Petersson [4]. They introduced a friction term yielding the generalized Stokes
equations. Gersborg-Hansen [9] and Olesen et al. [8] extended topology
optimization for fluid flow problems to the Navier-Stokes equations.

In topology optimization, the material distribution is parametrized by
defining a design variable av € {0;1}. This variable is discrete and should
either represent solid material (a = 1) or fluid (o = 0). A common approach
to solve the topology optimization problem with this discrete value as opti-

mization parameter, is to change it into a continuous one by introducing a
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porous media with a continuous permeability variable for each element. This
method, known as the Brinkman penalization, leads to a problem where flow
and (almost) non-flow regions are developed by allowing interpolation be-
tween the lower and upper value of permeability. Generally, authors used
the density interpolation function proposed by Borrvall and Petersson [4]
or a reformulated version of their convex and g-parametrized interpolation
function. The parameter ¢ > 0 is a penalty parameter that is used to con-
trol the level of ’gray’ in the optimal design. However, authors had also
experienced problems with locally optimal solutions. Therefore, they con-
sidered a two-steps solution procedure where the problem was first solved
with a small penalty value of ¢ = 0.01 for example and then the result is
used as initial case for the problem with a penalty value of ¢ = 0.1 [4, §]
or ¢ = 1 [15]. The mathematical foundation of the interpolation of o was
further investigated by Evgrafov [14] where the limiting cases of pure fluid
and solid were included. Brinkman approach has since been used for several
problems as transport problem [28], reactive [32] and transient flows [33, 3],
fluid-structure interaction [36] and also flows driven by body forces [37].

A variation of the approach is presented by Guest and Prevost [2]. They
proposed to regularize the solid-fluid structure by treating the material phase
as a porous medium where fluid flow is governed by Darcy’s law. In their
approach, flows through voids are governed by Stokes flow and, when the
solid phase is impermeable, discrete no-slip condition is simulated by assign-
ing a low permeability to the solid phase. There exists other alternatives
to Brinkman penalization in the literature. The level set approach to topol-

ogy optimization has been applied to fluid flows problems [34, 46, 41}, and
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recently the level set approach was combined with the extended finite ele-
ment method (XFEM) by Kreissl and Maute [5] and by Jenkins et al. [40].
The main drawback of the level set appraoch is the constraint of remeshing
throughout the optimization process.

The second difficulty in topology optimization is to deal with the differ-
ence in thermal conductivity in the solid and fluid domains. Most publica-
tions interpolate the conductivity using the SIMP method (Solid Isotropic
Material with penalization). This method allows to deal with the discrete
nature of conductivity material distribution. So, authors [6, 15, 30, 36] con-
sidered a continuous local thermal conductivity controlled by the design pa-
rameter o ranging from 0 to 1. Thanks to this function, the optimization al-
gorithm is able to reallocate thermal conductivity material, or creating holes
in its structure to reach the objective function. Moreover, the convex and
p-parametrized function interpolation is similar to the density interpolation
function of Borrvall and Petersson [4] or the RAMP (Rational Approxima-
tion of Material Properties)-style function as introduced by Stolpe [16, 30, 7] .
Other methods have also been investigated. Matsumori et al. [19] presented
results with a linear-interpolated design-dependant volumetric heat genera-
tion. Dede [20] used a linear interpolation for thermal conductivity. Thus,
the main issue is to deal with intermediate design variables and nonphysical
flow solutions.

There are three main categories of algorithms to solve topology optimiza-
tion problems : gradient-free, gradient-based and hessian-based algorithms.
In topology optimization problems with large number of design variables,

gradient-based algorithms are used to find accurate solutions efficiently. One
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of the advantages of the interpolation functions described above is the possi-
bility of using gradient-based continuous optimization methods. These meth-
ods are based on derivatives in order to find extrema, and are the so-called
sensitivity analysis. It aims at evaluating the derivative of objective function
with respect of a. Gradient-based algorithm is widely used by several au-
thors [27, 21, 30, 35, 47]. Moreover, since most of the topology optimization
problems involve a huge number of design variable, specific gradient-based
optimization algorithms must be chosen to handle this difficulty. A famous
algorithm from the literature is the MMA (Method of Moving Asymptotes)
developed initially by Svanberg [43]. In order to reduce the computational
costs, adjoint approach consisting to calculate the sensitivities of the objec-
tive function by an adjoint state has been adopted. Other methods have
been explored to reduce the computation cost: the multigrid preconditioned
conjugate gradients (MGCC) by Amir et al. [22], multi-resolution multi-scale
topology optimization technique by Kim et al. [23], the technique of using
adaptive design variable fields by Guest et al. [26].

Moreover, various regularization techniques based on filtering of either
the design variable « or the sensitivity g—i [1, 10, 15, 30, 48] exist to ensure
well-posed topology optimization problems. The regularization works by
defining a certain length scale 7y below which any features in « or % are
smeared out by the filter; that results in optimized structures with a minimal
feature size ¢ independent of the mesh refinement. As mentioned by some
authors [15, 29], these regularization techniques allow to avoid checkerboard

problems.

This paper proposes a new interpolation technique in order to solve a



94

95

96

97

98

99

100

101

102

103

104

105

106

107

109

110

111

112

113

114

115

heat transfer topology optimization problem. Design material and effective
conductivity are interpolated respectively by a function h,(«) and another
function k,(«) in order to provide a continuous transition between the solid
and the fluid domains. These interpolation functions avoid the use of some
regularization techniques because the problem can be solved in one-step with-
out a new value of the convexity parameter. Moreover, these interpolation
functions allow a smaller transition zone between the fluid and solid regions.
To prove this claim and get more qualitative results, the size of these tran-
sition zones is explicitly computed and comparison with standard RAMP
interpolation is lead. In order to validate the new method, some numerical
applications are investigated on the single pipe and the bend pipe cases of the
literature. Lastly, as two new parameters are introduced thanks to the in-
terpolation functions, we study their impact on the results of a optimization

problem.

2. Governing equation

The main goal of this paper is to solve topology optimization problems
for heat transfer in fluid flow. The latter can be written in the general form

below:

Minimize u,p,0 /jﬂ u,p,0 dQ+/jF u,p,0

Subject to Governing equation for (u, p, 6) , (1)

Boundary conditions on I'

where u, p and 6 are respectively the dimensionless velocity, pressure and
temperature, € is a bounded open set of R?, d = 2,3, with boundary I' =

0. The function Jq and Jr are some cost functional modeling a physical

6
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effect one wish to minimize. We assume that I" can be decomposed as I' =
rulry,ul,, ul',, where I';, is the inlet, I',,; the outlet and I'y, I'y are going
to be considered as walls.

For the governing equation, the flows considered in this study are assumed
Newtonian and incompressible, steady and laminar. The inverse permeability
field is introduced in the steady-state Navier-Stokes equations as a source
term h,(«)u yielding a Brinkman model with a convection term. The set of
dimensionless equations governing the conservation of momentum, mass and

energy for incompressible steady-state fluid flow are the following:

(u-V)u =-Vp+Re'Au—h(a)u+Rife inQ,
V-u -0 in 2, (2)
V-(u6) =div(Re™ Pr! k.(a) V) in .

The reduced dimensionless temperature is § = (T — Ty)/AT and the uni-
form heat flux ® = 0,0 on some part of I'y is equal to A\fAT/l, with As
the thermal conductivity of the fluid. Parameters governing the flow are the
Reynolds number defined as Re = Uy /v, with U the reference velocity (i.e
mean velocity here) and [ is the hydraulic diameter, the Richardson number
Ri = Gr/Re* where Gr is the Grashof number defined as Gr = g 3 AT I3 /12,
h-(a) corresponds to the ratio between a kinematic viscosity and a perme-
ability and « is the spatially varying design variable field determined by the
optimization algorithm. Regions with low permeability can be considered as
solid regions since (at least formally) the velocity of the fluid vanishes in such
region, and those with very high permeability regions are interpreted as pure
fluid. The interpolation function for the adimensional thermal conductivity

is given by k().
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We consider the following set of boundary conditions:

u=0, 0,0 = —1 on I'y,
u=0, 00 =0 on I'y,
(3)
u, =1, u,=0 6=0 on L'y,
Opu =0, 0,0=0, p=0 on,,,

where u,, and u; are the normal and tangential components of primal veloc-
ities, respectively. To summarize, we require a constant horizontal velocity
and a constant temperature 6y at the inlet, vanishing gradient for both ve-
locity and temperature of fluid at the outlet. Homogeneous Dirichlet for the
velocity and Neumann boundary condition are prescribed for the tempera-
ture on the walls. It is worth noting that boundary conditions on the outlet
have been considered in [39] and ensure that the fluid does not re-enter in

the domain.

3. Interpolation

The goal of topology optimization is to end up with binary designs, i.e
avoid that the design variables take other value than those representing the
fluid or the solid. The most important thing is to be sure that the inter-
mediate regions (the transition zones) are unattractive with respect to the
optimization problem. This is usually carried out by penalizing the inter-
mediate densities with respect to the material parameters, such as inverse
permeability and effective conductivity. A standard approach is to use some
convex interpolation (RAMP) function [4, 30, 15]. In this section, we propose
to use another interpolation function hence interpolate the inverse permeabil-

ity and the effective conductivity using sigmoid functions. After giving the

8
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definition of our interpolation function, we show that the transition zones
of the sigmoid are much smaller than those of the standard RAMP function

therefore motivating the use of such method in topology optimization.

3.1. Interpolation of porosity using a sigmoid function

Inverse permeability is interpolated with a sigmoid function

1 1
h — ¥max - 4
(@ a0) = a I+exp(—7(a—ag)) 1+ exp(rap) (4)

where a € [0, Apax] With apay being the maximal value h, can reach. Direct
computations show that h.(0,a9) = 0 and that the following point-wise

convergence holds

0 if a < ay,
Lim he(0,00) = 4 ag/2 if @ = aq, (5)

Omax 1 @ > .
This shows that A, is a smooth regularization of a Heaviside step function.
From (5), one can see that ap can be tuned to control the size of the fluid
part in the computational domain. Finally, note that the definition of our
interpolation function has to be changed when ay = 0 since we require o > 0
and (4) would lead to a regularization of a step function satisfying h.(0,0) = 0

and, for any a > 0, h;(@,0) = Qmax/2 as 7 — +o00. In order to cover this

case, one can use the following interpolation function

h.,-(Oé,O) = 71/7-(@> =2 Qmax B

which satisfies ET(O) =0 and, if o > 0, %T(a) — Olax &S T — +00.

9
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3.2. Comparison with standard RAMP interpolation function
The RAMP function has been introduced in [4] and is defined as follows:

1ta
1—s+4q’

(6)

hor(S) = Omax + (Qmin — Qmax) (1 — 5)

where s € [0, 1] is the design parameter and iy, umax are respectively the
minimal and maximal value the RAMP function can take. Again, some
direct computations show that h,r is a smooth and convex regularization
of a Heaviside step function since hyr(0) = aun and, for any s > 0,
lim, 0 hyr(S) = max. In the sequel, we use ap, = 0 since this does not
add any difficulties nor plus to the discussion. We now compare the perfor-
mances of our sigmoid (4) with the standard RAMP function (6) by focusing
on the size of their so-called transition zones. First, note that they are both
defined on 2 but the transition zone only depends on the value of the design
parameter s(z) for z € Q. As a result, we are going to consider that both
functions have real domain and act on the interval [0, 1]. Also, to compare
functions having the same domain and being both smooth regularization of

step function as ¢ — 0, we rescale the sigmoids (4) thanks to the formula

hq,S(Sa Oéo) = hl/q<amax$>a0)a hq,S,O(S) - El/q(samax)a s € [07 1]

By definition, the transition zones are the undesirable values of the design
variable s € [0, 1] for which the velocity of the speed is not enough penalized
to vanish or the value of the interpolation function is not small enough for
considering these zones as fluid. As one can see from Figure 1, the sigmoid
function has much smaller transition zone than the RAMP function.

To prove this claim and get more qualitative results we are going to

compute explicitly the size of these transition zones. For a given small enough

10
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Figure 1: Interpolation functions with ¢ = 1 and ag = @max/4. Left: amax = 200. Right:
Qmax = 2000.

e > 0 and a large enough M > 0, the latter are defined by
T<f7€>M) = {S € [07 1] | €< f(S) < M}7 f € {hq7R7hq,Sahq,S,0}-

Since both interpolation function are increasing, they admit an inverse func-
tion f~! and the transition zone is thus given by the interval T (f,e, M) =
/71 (e), f1(M)] from which we infer that

T (fe. M) = [ (M)~ f(e). (7)

It then only remains to compute the inverse of the sigmoid and RAMP func-
tions. This is actually achieved by solving f(s) =y for a given y € [0, aumax]-

These equations can be solved analytically using only direct computations

11
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and give

B Y — Omax L+ q
S ( q,R) (y) qamax —y + (1 + q> (amin — amax) yOéman + Yy

(8)

%)

s = (hq,S)_1 (y) = -

amax

_10g ( Omax — y(l + eXp<_a0/q))
OmaxeXP(—ao/q) + y(1 + exp(—ao/q))
Omax — Y(1 + exp(—ao/q)) ) if s> o/
Omaxexp(—ao/q) + y(1 + exp(—ao/q)) -

_ Omax —
s = (hgs0) ' (y) = —log ( y) 1

amax + y amax

if s < ag/Omax
q ) < Qo

amax

log

The constraint on s in the definition of the inverse of i, g comes from the fact
that we have to solve an equation of the form exp((ay — Samax)/q) = 9(y)
for a positive function g. Using (7) and (8), the size of the transition zones

are finally

T (1+q) B
|T(hq,R; g, M) | = 7]% = Qmax (Olmaxq T M)(Oémaxq + 6) (M 5)7

q Qmax — M<1 + eXp(_QO/Q))

M = == 1
’T(hq78757 ) ‘ 7-S e O (amaxexp(_ao/q) + M(l —+ exp(—ao/q))
T g ( max — £(1 + exp(—ao/q)) )

* e eXP(—t0/q) + (1 + exp(—ao/q))

amax

T (hgso,e, M) | :="Ts0 = d log (

max

(max — M) (max + 6))
(Omax + M) (Qmax — €) )

For ap = 0, one can clearly see that 75y < Tg. To deal with the case oy > 0,
note that the parameter ¢ is small since we wish the interpolation function to
be close to an ideal step function. Also, we emphasize that oy > 0 is going to
depend on oy, in order to control the percentage of fluid in Q. Since ayyax

has to be large enough, one gets that z = exp(—ap/q) is a small parameter

12
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and we can thus expand Tg as z — 0. This gives

. ((am — M)(Ctmax — e)) + O(exp(—ao/q)),

Omax Me

from which one can see that Tg < Tr. Thanks to the factor ¢/apay, wWe can see
that the intermediate zones of the sigmoid are in fact much smaller than those

of the RAMP function. Some numerical calculation of the size of transition

Tr Ts 75,0
g=1 |0.6657 0.0380 0.0055

q=10"*|0.1665 | 3.8002 x 1075 | 5.4881 x 10~"

¢ =107 | 0.0196 | 3.8002 x 107" | 5.4881 x 10~%

Table 1: Size of the transition zones for amax = 200, M = amax/2, € = 0.1 and o =

Qmax /4.

Tr Ts Ts0
qg=1 |0.6666 0.0050 5.4926 x 104

g=10"*0.6665 | 4.9517 x 1077 | 5.4926 x 1078

q¢=10"°]0.1666 | 4.9517 x 1078 | 5.4926 x 10~*

Table 2: Size of the transition zones for amax = 2000, M = qax/2, € = 0.1 and ag =

O4111;1)(/4-

zone confirming this fact can be found in Table 1,2 for amy., € {200,2000}
and ¢ € {1,107*,107°}.
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3.3. Interpolation of the thermal conductivity

The effective conductivity is interpolated using a sigmoid function similar

to (4):

1 1

kr(a, ap) = (ks — ky) 1+exp(—7(a —ag)) 1+ exp(rap)

+kr (9)

where o € [0, imax| is the design parameter, ks and ks are respectively the
adimensional thermal diffusivity of the solid and of the fluid. Interpolation
function (9) is again a smooth regularization of a Heaviside step function

that satisfies k. (0, o) = ks together with the point-wise convergence

k¢ if a < ayg,
TETOO kr(o,a0) = Q (ky +k)/2 if a = ay,
k‘s if a > Q.

Similarly to h,, the case g = 0 needs the following slight modification to

still have, when 7 — +o00, a fluid-solid step function

~ 1 1
kr(a,0) = kr(a) = 2(ks — k) l+exp(—7ta) 2 T

The previous function then satisfies &, (0) = 0 and, for any o > 0, k(o) — ky
as T — +o0o. A RAMP-like interpolation function is also usually used for
the thermal conductivity [30, 15]. Computations similar to those of Section
3.2 can be done to prove that the transition zone of the sigmoid (9) are
much smaller than those of the RAMP function hence motivating using such

technique in topology optimization.
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4. Gradient computation with the adjoint model

We chose to solve the optimization problem (1) with gradient-based op-
timization algorithm. The latter requires the computation of the gradient
of the cost functional with respect to the design variable which needs the
sensitivities of the solution to the state equation with respect to . To do
this, we are going to use the adjoint method (see e.g. [24, 12, 45]) since it
allows to compute the gradient of 7 efficiently, only by solving the so-called
direct problem (the governing equation) and the adjoint model.

We adopt here the differentiate then discretize approach [25] which means
that we need to compute the continuous adjoint model associated to (1) as
done in [17, 18]. The Lagrangian associated to the optimization problem (1)

can then be defined as follows

L((

s

707p>a (U*79*7p*)7a) = j(u,e,p) - /p* div u df2
Q
— [ u"- [(u-V) u+ Vp— Re 'Au+ h(a,a0) u— Ri 0 e_ﬂ dQ)

0% - [V (u8)—div(Re ' Pr=" k-(o, ) V)] d

(0- @) + (9,0 — 1)¢by) dT — / (0~ @y + 8,00) dT

1 r
- / (0 =) - Py + Oyy) dI' — / (Onu - Doyt + Plout + 0nbtoys) dI
" o (10)
where (u*, 0%, p*, ®;, 1y, Gout ), for I € {1,2,in,0ut}, can be seen as Lagrange
multiplier (or adjoint variables). We emphasize that the variables (®y, ¥, Gout)
are here to enforce the boundary conditions (3).
The adjoint model is defined thanks to the critical point of £ with respect
to the state variables (u,,p). We use below the following notation for the

derivative of an application F : x € E — F(x) € F, where E, F are normed

15



275 Spaces

OF F ox) —F

OF (50 i timg 28+ 207) = F(2) (11)
oz e—0 €

217 First, since L is linear with respect to the adjoint variables, it is worth

zs  noting that we recover the state equation (2)-(3) if, for [ € {1,2,in, out}, we

279 Solve

oL
) Su*, 50%, 5p*, 5%y, 4y, Sont] = 0
; a(u*79*7p*7q)l7wl7QOut)[ b ! wl 4 t]

261 Using now (11) to differentiate the Lagrangian (10) with respect to the

2 state variables, and integrating by parts to have no terms involving derivative
23 of (du,00,0p), we end up with

oL 0Ja

_ T
8(u,97p) [0u, 06, dp] = 9.0 p) [0u, 66, 0p] dT+

— =2 _[5u, 86, 6p] dQ+/a O =

/ su- (Vp* — he(a, ap)u” — (Vu)'u* + Vu'u + 6V6* + Re ' Au”) df

50 (div(Re™ Pr'k (0, ap)V0") +u- VO* + Ri u” - ey) dS)
]5pd1vu dn — /5p u* - n)dl
/{,5u —np*—nb 6 +Re'9u" — (u-n)u*)dl — /Re’lé)éuudl“
+]50 — Re'Pr ks (0, a0) 9,07 dF+/9* Re™ ' Prk, (o, a0) 9,60 dT
j ou- @y + 9,00;) dl’ /r (ou - @y + 0,00v,) dT’

- / (0u - @iy + 60¢yy) dl — / (Ondu - Pout + 0pGout + 0nd0Yout) dI
» Tin Tous 12)
25 Assuming that (du, 06, p, Dy, 1y, Gour) = 0 for [ € {1,2,in, out}, that the first
26 derivatives of du, 06 vanish on I' and solving (0L£/0(u, 0, p)) [du, 60, dp] = 0

16
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yield the adjoint problem:

Vp* — h.(a) u* + 0 VO* + Re"'Au* + Vu* u — (Vu)Tu* =-%2  inQ
divu* = —88@ in Q
P
Riu e +u-VO +div (Re ' Pr'k, (a)V0*) =-%2 inQ.
(13)

For the adjoint boundary condition, we are going to show how to obtain
them on I'y U 'y since the other part of I' can be done in the same spirit.
On both walls, the primal velocity is fixed to zero (no-slip condition on the
walls) and the heat flux either vanishes or is constant. Since div u = 0 and
u is prescribed or null value, there will be du = 0, div du = 0 and 9,00 = 0.
We recall a formula from [11, Lemma 7] that holds for any vector fields w
and reads

0w - n = divw|p — divp wy — kW - n, (14)
where k£ = divn is the curvature of I' and divr is the surface divergence
operator. Since 0,0u - u* = (9,0u), - u}, + (0,0u), - u; and du = 0 and
div 0u = 0, formula (14) gives that

Opou - u* = (0,0u); uy.

The boundary conditions on I'y U T’y are then obtained from (12) by consid-
ering, for [ = 1, 2, the following vanishing terms

/ Re '0,0u-u* dI' = / Re *(9,6u); - uf dl' = 0,
Iy

r

AT
/Flép <u ‘n— ap)alF—O, (15)

/ 00 ((—u n) 0* — Re” 'Prtk (o, ap) 0,0 + %) dl = 0.
Iy
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The adjoint boundary conditions on I';, are obtained as above by taking
060 = 0. For the outlet, we use 9,00 = 0, J,60u = 0 and dp = 0. Finally, we

end up with the adjoint boundary condition

On T UTy: uf =0, upn0* + Re ' Prtk, (o, ag) 9,0 = 222 up = %,

OHFinI u:;:aa%u;k:o’ 9*20’
On Lout : Un, 0" + Reilprilkr(aaa()) 8710* = 88%7
np*+n00*+ Re 'Ou* +u, u = %'
(16)
Now solving (9£/0a) [6a] = 0 for all da yields
Ohr g Okr
u-u'+ Re ' Prot VO -V =0 inQ
O Do an
akr,ao
90 0*=0 onTy,

which is the optimality condition. Finally, according to the adjoint method
(see e.g. [24, 12, 25]), the gradient of the cost functional J(u,,p) at some

« is given by

Ohy Ok o
9 (o) = “u-u* + Re1Pr! " V6-Vv0*, inQ,
« Ox Oa (18)
) O
8%(04) - da 0 on Fl,

where (u, 6, p) satisfy (2-3) and (u*, 6%, p*) satisfy the adjoint problem (13-
16).

Remark 1. The adjoint variables (P, 1y, pous) used to enforce the boundary
conditions (3) of the primal problem are not needed to solve the adjoint prob-

lem. Nevertheless, they can be determined using (13,15) which cancel many
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terms in (12) and gives

O =-—np" —nb o+ Re'Ou* — (u-n)u* + %on I,
*p,—1p,.—1 OJr :
Yy =0"Re™ Pr~ k. (a, ) + 20 o0 [y, 1€ {1,2,in},
Doy = —Re "™, oy = 0" Re ' Prtk (o, ap), Gou = —uf — %
P

Note finally that these adjoint variables are also not needed to compute the
gradient of the cost functional with respect to the design variable since they

does not appear in (18).

5. Numerical example

This section aims to validate the new interpolation technique. To do so,
we investigate two objective functions. First objective function is related to
the power dissipated by the fluid through the domain €2 and can be evaluated
on the basis of total pressure losses as follows:

1
jl(u,p,Q):—/pt u-ndl wherept:p+§u2 (19)
r

The second cost function is related to the maximization of the recoverable

thermal power from the domain 2 and is given by

Jo(u,p,0) = / fu-ndl (20)

r

We finally consider the following objective functional

minimize: J(u,p,0) = Ji(u,p,0) — Jz(u,p,0),

Z—/F(pt+9)u~ndF o

subject to:  Governing equation (2),

Boundary conditions (3).
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We notice that the objective function J is a linear combination of both
objective functions described above. It’s taking place at the inlet and outlet
flow boundary conditions and the combination involves the opposite of 7,
since the optimization problem aims at minimizing the combinatory function
J. Using the notation from the general optimization problem (1), we have
Jo =0 and Jr(u,p,0) = (p+60) u-n. The adjoint model is then given by
(13)-(16) where all the partial derivative of J are zero and the following

boundary conditions hold

u* :0, @ﬁ* =0 on F1UF2,
up =0, 6*=0, u=—u, on ',

(22)
0* u, + Re ' Pr1 k. (a) 0,0* = —u, on 'y,

p*+60* 0+ Re ' Vout n+ul u, = —(0+ p)  on Ly
As said in section 4, we propose to solve the topology optimization problem
with a steepest descent algorithm where the gradient is computed thanks to
the adjoint method. The main flow of the algorithm for the topology opti-

mization is described in Table 3. The forward problem and the optimization

Step 0. Initialization: set all the constants Re, Ri, Pr

Step 1. Solve the forward problem (2),(3) problem with the Finite Volume Method

Step 2. Compute objective and constraint values

Step 3. Compute sensitivities by adjoint method

Step 4. Evaluate the optimality condition. If a stopping criterion is met, terminate the calculation

Step 5. Update design variables o with a1 = =V Jpy1 + “B,fﬁ ay and return to step 1

Table 3: Algorithm of topology optimization

processes are implemented using OpenFOAM [44]. In Step 5, the design
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variables are evaluated by using the conjugated-gradient descent direction

VIE L (VTey1=VTk)

method associated to Polack-Ribiere method B[ = ST V7
k k

After optimization process, several results are compared as optimized de-
signs, velocity magnitude distribution, temperature distribution, and lastly,
we focus on fluid-solid interfaces. We also presents the objective function
values for each simulation case. Finally, we investigate to vary the slope
abscissa and the curve of sigmoid functions in order to evaluate their impact
on the optimization problem. That corresponds to consider different values
of ap and 7. In our study, ag will vary in {25,50,100} which correspond re-
spectively t0 {maz /8, Wmaz /4, Cmaz/2} and 7 will vary in {0.3,0.7,1.0}. In
order to perform topology optimization, the a term may take a finite value

between 0 and e, = 200.

5.1. Studied Cases

Two representative cases of topology optimization in fluid dynamics are
investigated : the single pipe case and the bend pipe case. Figure 2 shows

schematic illustrations of the two studied cases.

5.1.1. Design of a single pipe.

We present here a benchmark numerical example used recently by Marck
[15] to illustrate the viability and efficiency of the methodology presented in
this paper. The design domain consists in a cavity of side L. The compu-
tational domain is discretized using 100 x 100 elements. The inlet flow is
located in the center of the west edge for a length of L/5. The outlet flow
is lining up with it on the east edge. The rest of west and east edges are

assumed to be adiabatic and will be called I'y, whereas the whole north and
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Figure 2: Single pipe and Bend pipe

south walls are subjected to a constant flux of temperature, called thereafter

I';.

5.1.2. Design of a bend pipe.

The second example has been studied by several authors as [4] and [15].
The computational domain is also square-shaped, with a adimensional side
L =1, and the design grid is made of 100 x 100 elements. The inlet flow
is located at L/5 of the west edge. The outlet flow is located on the south
edge, at L/5 from the east edge.The length of both flow boundary conditions
is set to 2L /5. The part of the south edge located on the left of the outlet is
subjected to a constant flux of temperature and will be called I';. The rest

of the edges are assumed to be adiabatic and will be designated as I's.

5.1.8. Physical parameters.
For the two representative cases studied in this section, the inlet flow

is prescribed with a constant horizontal velocity equal to Uy = 0.04 m.s~!
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used in Reynolds number. The inlet temperature is fixed to § = 0. The
outflow temperature condition is fixed to a zero gradient, as well as the
velocity gradient. Hot walls are subject to a constant flux of temperature
0,0 = —1. The Reynolds number based on the characteristic dimension of
the inlet length and the average inlet velocity is Re = 500. The Rayleigh
number is fixed to Ra = 5 x 105. Prandtl number is set to 0.71. Grashof
number has the following expression Gr = Ra/Pr. Adimensional thermal
parameters are the following: ks = (9.88x 107> m?.s71)/(2.25 x 107> m?.s7 1)
[((Aluminum/Air) Diffusivities|, ky = 1.

5.2. Results

The aim of the problems defined above is to determine the optimal design
that connects the inlet to the outlet of the cavity and that minimizes the
objective function J subjected to the constraints (2) and (3).

First of all, we compute J without optimization for the two studied
cases and we obtained respectively for the single pipe J = 9.07 10~ and for
the bend pipe J = 6.38 103. Compared to values issued from optimization
process and referenced in Figure 8 and 11, they are reduced between 23% and
42% for the single pipe case, and between 18% and 19% for the bend pipe.
So, the new method investigated here allows to both minimize the power
dissipated by the fluid through the domain 2 and maximize the recoverable
thermal power from the domain to the fluid.

Secondly, we plot velocity magnitude for various o and 7 values. After
optimization of 7 in the single pipe, we obtain an optimized design in which
fluid is transported through the single pipe in a straight pipe (see Figure 3). Tt
is quite closed to the optimized design obtained by [15] when the mechanical

23



413

414

415

416

417

418

419

420

421

422

423

424

1

©=0.7, 0;=50 1 ©=0.3, ;=100

L s L L L L L (s 1 | L
02 04 06 08 1.2 02 04 06 08 1 1.2

=2.0, =25 " 1=2.0, =50 " =2.0, =100

0:2 0:4 0:6 0:8 |:2

. T |
02 04 06 08 1 12

02 04 06 08 T2 02 04 06 08 73

Figure 3: Velocity magnitude distribution in the single pipe

power and thermal power are considered with the same weighting coefficient.
Similarly, fluid circulation forms a half circle whose center would be the left
bottom corner of the square domain in the optimized bend pipe (see Figure
4). Contrary to the literature in fluid mechanics, the optimized path obtained
for the flow is not as straight as possible. It can be explained by the fact that
we consider here a heat transfer problem. So, the optimized pipe is larger
and form a real bend because the fluid flow moves away from hot regions.
Thereafter, we compared distribution of the parameter « in the domain
for the two studied cases (see Figures 6 and 9). We recall that values less
than g are considered as fluid regions. We can notice that this method
based on g affected some values of a to the fluid regions, which would not

be possible with other methods of the literature. Indeed, generally with the
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function (6), only value of a equal to zero is considered as fluid element. As
can be seen on these figures, intermediate values for the fluid region exist.
For example, we have different values of a between 0 and gy at right-top
corner in Figure 9, or below the straight pipe for ag = 25 in Figure 6.

As expected, the interpolation function h,(a)) suppresses these intermedi-
ate values noticed previously and affects these volume elements to pure fluid
volume elements. Indeed, Figures 7 and 10 show the optimized designs for
various o and 7 numbers. Compared to « distribution (Figures 6 and 9),
they demonstrate that the interpolation function h,(a) suppresses interme-
diate values corresponding neither to pure fluid nor to pure solid regions by
affecting them to solid regions or fluid regions. However, in the bend pipe, a

porous domain still exists near hot regions. Although fluid does not circulate
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in this porous domain, its existence contributes to increasing thermal power
recovered by the fluid. That is illustrated in Figure 5.

At last, it can be seen that thermal conductivity is well distributed, con-
tinuously, between fluid and solid regions. Figure 8 represents the distri-
bution of material conductivity after the optimization process in the single
pipe case. Compared to Figure 7, we observe that frontier between the two
regions, fluid and solid, is well-established. For the bend pipe case, although
intermediate regions exist, k, interpolation function allows to affect to this
porous domain a conductivity closed to the fluid diffusivity (see Figure 11).
Therefore, the function k,(«) provides a continuous transition between the

solid and the fluid domains.
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5.2.1. Influence of ay.

It can clearly be seen from Figures 7 and 10 that different designs are ob-
tained for the different values of ag. As detailed in section 3, ag is depending
of a,,q. in order to control the percentage of fluid in 2. This parameter has
a significant impact on the quantity of material adding in the domain and
that can be illustrated by computing the proportion @); of material added in

the domain 2 as follows :

_ Johe(a) d9

Xmax V;‘,ot

Q: where V,,; is the total volume of 2 (23)

Calculation results are referenced in Figures 7 and 10. In the single pipe,
when o increases, quantity of material diminishes between 27.5% and 28%.
That means fluid domain is more important and that contributes to the
increase of [J,. So, that will influence the value of J. In the bend pipe,
when «q increases, quantity of material also diminishes between 3.6% and
16%. So, fluid domain is relatively more important than solid domain but
not enough to significantly impact on the value of 7, hence, the small effect
on values of J (see Figure 11). So, parameter o has a significant incidence
on the proportion of fluid domain relatively to solid domain and therefore,
can influence the value of the functional objective.

Futhermore, we observe a recirculation zone for oy = 100 in the example
of the optimized single pipe (see Figure 3). That can also be explained by
the value of ag. Indeed, larger cig means that the proportion of fluid elements
compared to ., is bigger and thus fluid regions are more important. When
ap = 100, that means g = @ynaz/2, the algorithm affects some value of
« € [0,100] corresponding to fluid domain and so impacts on the size of fluid

regions relatively to the solid regions in the domain.
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5.2.2. Influence of 7.

It can clearly be seen from Figures 7 and 10 that different designs are
obtained for the different values of 7. The parameter 7 in the interpolation
functions h,(«) and k, indicates the stiffness of the curve of the functions. It
does not seem to impact significantly the optimization results. However, we
can observe in Figure 11 that the frontier between the fluid and the solid is
sharper when 7 = 2.0. In Figure 8, for 7 = 0.3, 7 = 0.7, we can notice residual
material in fluid domain while they do not exist anymore when 7 = 2.0. As
the same, the porous region identified in the bend pipe case between the
main flow and the hot plate is defined mostly with the fluid diffusivity by the
interpolation function. This impact does not influence significantly the result
of the optimization computation when we compared their value in Figure 11
but it improves the thermal transition between fluid and solid regions. So,
parameter 7 seems to improve the thermal conductivity distribution during

the process optimization.

6. Conclusion

This study shows that the new interpolation technique based on sigmoid
function is a viable method. Design material is well interpolated since inter-
mediate regions between solid and fluid are suppressed hence giving a frontier
between the two regions which is well-defined. Besides, the size of transition
zones between fluid and solid regions is explicitly computed. The result is
that the new interpolation functions reduce their size comparatively to the
RAMP interpolation function. Therefore, the transition between fluid and

solid is improving thanks to this sigmoid function for the effective conduc-
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tivity. Computation of the size of transition zones could also be applied to
other interpolation functions in order to evaluate the well-definition of the
frontier between fluid and solid regions. This new interpolation technique do
not require any regularization techniques since no checkerboards have been
identified for the two studied cases. Two new parameters have been intro-
duced : the abscissa slope of the sigmoid function oy and the curve of the
sigmoid function 7. Their impact has been also investigated. g has a sig-
nificant impact on the quantity of material added in the domain during the
optimization process. The larger aq is the bigger will be the fluid domain.
The parameter 7 has a small impact on the results of optimization. For the
studied cases, the impact was seen after interpolation of thermal conduc-
tivity. Elements of porous domain have been affected to fluid diffusivity or
solid conductivity, and therefore, the thermal transition between material is
improved. So, this study has examined a new interpolation technique to deal
with fluid-porous media interfaces for topology optimization of heat transfer
problems. Further research might explore several type of flow regimes in
optimization problems using these interpolation functions. Another possible

area of future research would be to investigate new cost functions.
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