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LINEAR EXTENDERS AND THE AXIOM OF CHOICE
MARIANNE MORILLON

ABSTRACT. In set theory without the axiom of Choice ZF, we prove that for every commu-
tative field K, the following statement Dg: “On every non nul K-vector space, there exists a
non null linear form” implies the existence of a “K-linear extender” on every vector subspace
of a K-vector space. This solves a question raised in [9]. In the second part of the paper, we
generalize our results in the case of spherically complete ultrametric valued fields, and show
that Ingleton’s statement is equivalent to the existence of “continuous linear extenders”.

1. INTRODUCTION

We work in ZF, set theory without the Axiom of Choice (AC). Given a commutative field
K and two K-vector spaces E, F, we denote by Lx(F, F) (or L(E, F)) the set of K-linear
mappings T : £ — F: then L(E, F) is a vector subspace of the product vector space FZ.
A linear form on the K-vector space E is a K-linear mapping f : £ — K; we denote by E*
the algebraic dual of E i.e. the vector space L(E,K). Given two K-vector spaces E; and Es,
and a linear mapping T : E; — E, we denote by T" : E5 — E7 the mapping associating to
every g € Fj the linear mapping go T : F; — K: the mapping 7" is K-linear and is called
the transposed mapping of T'. Given a vector subspace F' of the K-vector space E, a linear
extender for F'in E is a linear mapping T': F* — E* associating to each linear form f € F™
a linear form f : E — K extending f. If G is a complementary subspace of F' in E (i.e.
F+ G =F and FNG = {0}), which we denote by F & G = E, if p: E — F is the linear
mapping fixing every element of F' and which is null on G, then the transposed mapping
pt . F* — E* associating to every f € F* the linear form fop : E — Kis a linear extender for
F'in E. However, given a commutative field K, the existence of a complementary subspace of
every subspace of a K-vector space implies AC in ZF; more precisely, denoting by ZFA (see
[7, p. 44]) the set theory ZF with the axiom of extensionality weakened to allow the existence
of atoms, the existence of a complementary subspace of every subspace of a K-vector space
implies in ZFA (see [2, Lemma 2|) the following Multiple Choice axiom MC (see |7, p. 133]
and form 37 of [4, p. 35]): “For every infinite family (X;)icr of nonempty sets, there exists a
family (F})ier of nonempty finite sets such that for each i € I, F; C X;.” Tt is known that
MC is equivalent to AC in ZF, but MC does not imply AC in ZFA.

Given a commutative field K, we consider the following consequences of the Axiom of
Choice:

e BEx: “Fuvery linearly independent subset of a vector space E over K is included in a
basis of E.”
e Byk: “Fvery vector space over K has a basis.”
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e LEy: (Linear Extender) “For every subspace F of a K-vector space E, there exists
a linear mapping T : F* — E* associating to every f € F* a linear mapping T(f) :
E — K extending f.
e Dy: “For every non null K-vector space E there exists a non null linear form f :
E — K.
In ZF, BEx = Bx = LEx = Dk (see |9, Proposition 4|). In this paper, we show (see
Theorem 1 in Section 2) that for every commutative field K, Dg implies LEg, and this solves
Question 2 of [9]. In Section 3 we provide several other statements which are equivalent to
Dx and we introduce the following consequence wDyg of Dg: “For every K-vector space E
and every a € E\{0}, there exists an additive mapping f : E — K such that f(a) =1.”

Question 1. Given a commutative field K, does the statement wDg imply Dg?

Blass (|1]) has shown that the statement VKBg (form 66 of [4]: “For every commutative
field, every non K-vector space has a basis”) implies MC in ZFA (and thus implies AC in
ZF), but it is an open question to know if there exists a commutative field K such that By
implies AC. In ZFA, the statement MC implies Dk for every commutative field K with
null characteristic (see |9, Proposition 1|) thus in ZFA, the axioms Dk for commutative
fields K with null characteristic do not imply AC. Denoting by BPI the Boolean prime
ideal: “Every boolean non null algebra has a ultrafilter” (see form 14 in [4]), Howard and
Tachtsis (see [5, Theorem 3.14]) have shown that for every finite field K, BPI implies Dg;
since BPI A AC, the statements Dy for finite fields K do not imply AC. They also have
shown (see |5, Corollary 4.9]) that in ZFA, VKDg (“For every commutative field, for every
non null K-vector space E, there exists a K-linear form f : E — K”) does not imply VKB,
however, the following questions seem to be open in ZF"

Question 2. Does the statement YKDyg imply AC in ZF? Is there a (necessarily infinite)
commutative field K such that D implies AC in ZF?

In Section 4, we extend Proposition 1 of Section 2 to the case of spherically complete
ultrametric valued fields (see Lemma 2) and prove that Ingleton’s statement, which is a
“Hahn-Banach type” result for ultrametric semi-normed spaces over spherically complete ul-
trametric valued fields K, follows from MC when K has a null characteristic. In Section 5, we
prove that Ingleton’s statement is equivalent to the existence of “isometric linear extenders”.

2. LEx AND Dg ARE EQUIVALENT

2.1. Reduced powers of a commutative field K. Given a set F and a filter F on a set I,
we denote by Er the quotient of the set E! by the equivalence relation =z on E! satisfying
for every = (2;)ier and y = (yi)ier € B, v =ryifand only if {i € [ : 2, = y;} € F. If L
is a first order language and if F carries a L-structure, then the quotient set Er also carries
a quotient L-structure: this L-structure is a reduced power of the L-structure E (see [3,
Section 9.4]). Denoting by § : E — E’ the diagonal mapping associating to each x € E the
constant family 7 — x, and denoting by canr : B! — Er the canonical quotient mapping,
then we denote by jr : £ — FEz the one-to-one mapping canry o . Notice that jr is a
morphism of L-structures.

Ezxample 1 (The reduced power Kz of a field K). Given a commutative field K and a filter
F on a set I, we consider the unitary K-algebra K/, then the quotient K-algebra K is
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the quotient of the K-algebra K! by the following ideal nulr of F-almost everywhere null
elements of K': {z = (;)icr € K! : {i € [ : ; = 0} € F}. The mapping jr : K — Kz is
a one-to-one unitary morphism of K-algebras, thus K can be viewed as the one-dimensional
unitary K-subalgebra of the K-algebra Kz. Notice that the K-algebra Kz is a field if and
only if F is a ultrafilter.

Notation 1. For every set F, we denote by fin(FE) the set of finite subsets of E, and we
denote by fin*(E) the set of nonempty finite subsets of E.

Given two sets E and I, a binary relation R C E x I is said to be concurrent (see [8]) if
for every G € fin*(E), the set R[G] := NyeqR(x) is nonempty; in this case, {R(z) : x € I}
satisfies the finite intersection property, and we denote by Fg the filter on I generated by
the sets R(x), v € E.

2.2. Dk implies linear extenders.

Remark 1. It is known (see |9, Theorem 2]), that Dy is equivalent to the following statement:
“For every vector subspace of a K-vector space F and every linear mapping f : F' — K, there
exists a K-linear mapping f : F — K extending f.”

Proposition 1. Given a commutative field K, the following statements are equivalent:
i) Dx
ii) For every filter F on a set I, the linear embedding jr : K — Kz has a K-linear retraction
r:Kr — K.

Proof. = Let f : K — K be the identity mapping. Then f is K-linear and K is a vector
subspace of the K-vector space Kr. Using Remark 1, let f : Kr — K be a K-linear mapping
extending f; then f is a K-linear retraction of jr : K — K.
< Let E be a non null K-vector space. Let a be a non-null element of E. Using Lemma 1
in [9], there exists a filter F on a set I, and a K-linear mapping g : F — Kz such that
g(a) = jz(1). Using (ii), let r : K — K be a K-linear retraction of the linear embedding
jr : K — Kgz. It follows that f =rog: E — K is a K-linear mapping such that f(a) = 1.
OJ

Theorem 1. Dy implies LEx.

Proof. Given some vector subspace F' of a vector space E, let I be the set of mappings
® : F* — E* and let R be the binary relation on fin(F*)x I such that for every Z € fin(F™)
and every ® € I, R(Z, ®) if and only if for every f € Z, the linear form ®(f) extends f and
® is K-linear on spang.(Z). Then the binary relation R is concurrent: given m finite subsets
Zy,....Zm € fin(F*), let B = {f1,...,f,} be a (finite) basis of the K-vector subspace
of F* generated by the finite set Uj<;<,nZ;; then using Dk (see Remark 1), let fiy e, fp
be linear forms on E extending fi, ..., f,; let L : span({fi,..., f,}) — E* be the linear
mapping such that for each ¢ € {1,...,p}, L(f;) = f;, and let @ : F* — E* be some mapping
extending L (for example, define ®(f) = 0 for every f € F*\span({fi,..., f,}). Then for
every i € {1,...,m}, R(Z;, ®). Consider the filter F on I generated by {R[Z]; Z € fin(F*)}.
Then the mapping ¢ : F* — L(E,Kz) associating to each f € F* the K-linear mapping
O(f) : E — Kz associating to each x € E the class of (f(2))er in Kr is linear, and for every

f e F* o(f): F— Kz extends f. Using Dy, there exists (see Proposition 1) a K-linear
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retraction 7 : Kz — K of jz : K — Kz. Let T : F* — E* be the mapping f — r o ®(f).
Then the mapping 7' : F* — E* is a linear extender for F in F. 0

Remark 2. Notice that the axiom LEg is “multiple™ given a family (E;);c; of K-vector spaces
and a family (F});c; such that for each ¢ € I, F; is a vector subspace of F;, then there exists
a family (7;);es such that for each i € I, T; : F;" — E} is a linear extender for F; in E;: apply
LEx to the vector subspace @;crF; of BicrF;.

Corollary 1. Given a commutative field K, then Dy implies (and is equivalent to) the
following statement: for every K-vector space E, for every vector subspace F of E, denoting
by can : F — E the canonical mapping, then the double transposed mapping can'® : F** —
E** is one-to-one and has a K-linear retraction r : E* — F**,

Proof. The mapping can®’ : F** — E** associates to every ® € F** the mapping ® : £* — K
such that for every g € E*, ®(g) = ®(g;r). Given some ® € ker(can®), then, for every
g € E*, (can™(®))(g) = 0 i.e. ®(g;r) = 0; using Dy, for every f € F* there exists some
g € E* such that f = g;p, thus for every f € F*, ®(f) = 0, so & = 0. It follows that
can' : F** — E** is one-to-one. Using the equivalent form LEg of Dy, let T : F* — E*
be a K-linear extender i.e. a K-linear mapping such that for each f € F*, T(f) : £ - K
extends f. Then the transposed mapping 7" : E** — F** is K-linear and for every ® € F**,
T (can™(®)) = can’(®) o T = . O

It follows that Dy implies (and is equivalent to) the following statement: “For every vector
space E, for every vector subspace I’ of of E, the canonical linear mapping F** — E** is
one-to-one and there exists a K-vector space G such that G is a complement of F** in E**.

Remark 3. Corollary 1 is equivalent to its “multiple form”™ given a family (E;);c; of K-vector
spaces and a family (F});c; such that for each i € I, F; is a vector subspace of F;, then for
each 7 € I, the canonical mapping can, : F;* — E** is one-to-one and there exists a family
(ri)ier such that for each i € I, r; : EX* — F** is a K-linear retraction of can; : F* — EI*.

3. OTHER STATEMENTS EQUIVALENT TO Dg
3.1. K-linearity and additive retractions.

Proposition 2. Let K be a commutative field and let a be a non-null element of a K-
vector space E. Let j, : K — E be the mapping A — A.a. Given any additive mapping
r: E — K such that r(a) = 1, then r is K-linear if and only if v is a retraction of the
mapping j, : K — F.

Proof. The direct implication is easy to prove. We show the converse statement. Let k be
the prime field of K (if the characteristic of K is 0, then k& = Q, else the characteristic of K
is a prime number p and k is the field F, with p elements). Since r : E — K is additive,
r is k-linear. Since r is a retraction of j, : K — E | E = ker(r) @& K.a where ker(r), the
kernel of the additive mapping r, is a vector subspace of the k-vector space E. Let N be the
K-vector subspace generated by ker(r) in £. Then N NK.a = {0}: given some x € K.aN N,
then © = p.a where p € K, thus r(z) = g and x = Ay where y € ker(r) and A € K; if
A =0 then z = 0, else y = £a € K.a thus r(y) = y so (since y € ker(r)), y = 0 thus
i =0s0x=0. Thus N and ker(r) are two complementary subspaces of the k-vector space

K.a in the k-vector space F, and ker(r) C N: it follows that ker(r) = N. Thus ker(r)
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is a K-vector subspace of the K-vector space E. It follows that the additive mapping r is
K-linear: given z € E, z = x @ t.a where x € ker(r) and t € K; thus for every A\ € K,
r(A.z) =r(Ax ® AMt.a) = r(Ax) + r(At.a) = X = \r(2). O

3.2. Additivity statements equivalent to Dk. Given a commutative field (K, +, x,0, 1),
we consider the following statements:

Ax: “For every K-vector space E and every subgroup F of (E,+), for every additive
mapping f : F — (K, +), there exists an additive mapping f: E — K extending f.

Al “For every K-vector space E and every vector subspace F' of E, for every K-linear
mapping f : FF — K, there exists an additive mapping f : E — K extending f.

Al “For every K-vector space E and every a € E\{0}, there ezists an additive mapping
f: E — K such that for every A € K, f(Aa) =\.”

Proposition 3. For every commutative field K, Ax < Al < A} < Dk.

Proof. The implications Agx = Ay and Ay = Ay are trivial. We prove A = Dg. In
view of Proposition 1, we prove that for every filter F on a set I, the canonical mapping
jr : K — Kz := K!/F has a K-linear retraction. Let f : K — K be the identity mapping.
Using A%, let f: Kz — K be an additive mapping extending f. Using Proposition 2, fis
K-linear. Tt follows that f is a K-linear retraction of jr : K < K.

Dk = Ak. Let E be a K-vector space, let F' be a subgroup of the additive group (E, +), and
let f: F — (K, +) be an additive mapping. Using a concurrent relation (the proof is similar
to the proof of Lemma 1 in [9]), let F be a filter on the set [ = K and let + : E — Kz be
an additive mapping extending f. Using Dy, let r : K — K be an additive retraction of
jr:K— Kz Then f:=ro.: E — K is additive and extends f. U

3.3. A consequence of Dg.

Proposition 4. Given a commutative field K, the following statements are equivalent:

i) wDg: “For every K-vector space E and every a € FE\{0}, there exists an additive
mapping f : £ — K such that f(a) =1."

ii) “For every non null K-vector space F, there exists a non null additive mapping f : £ —
K.”

iii) “For every filter F on a set I, there exists a non null additive mapping f : Kr — K.”

Proof. (i) = (ii) and (ii) = (iii) are easy. We prove (iii) = (i) Given a non null element a
of a K-vector space F, let F be a filter on a set [ and g : £ — Kz be a K-linear mapping
such that g(a) = 1. Using (iii), let r : K — K be a non null additive mapping. Let
a € Kz such that r(a) # 0. Let m, : Kr — Kz be the additive mapping = — ax. Then
g =romgog: F — K is additive; let f := Tla)‘gl : F — K; then f is additive and
f(a) = 1. O

Remark 4. Given a commutative field K, then wDyg < D, where k is the prime field of K.

Proof. Given a K-vector space F, a mapping f : E — K is additive if and only if f is
k-linear. 0

Question 3. Given a commutative field K with null characteristic, does Dg imply Dg?
5



Question 4. Given a prime number p and a commutative field K with characteristic p,
and denoting by IF,, the finite field with p elements, does Dy, imply Dg? Does BPI (which
implies Dp, ) imply Dg?

4. INGLETON’S STATEMENT FOR ULTRAMETRIC VALUED FIELDS

4.1. Semi-norms on vector spaces over a valued field.

4.1.1. Pseudo metric spaces. Given a set X, a pseudo-metric on X is a mappingd : X x X —
R, such that for every z,y,2z € X, d(z,y) = d(y,z) and d(z,2) < d(z,y) + d(y,2). If d
satisfies the extra property (d(x,y) =0 = x = y), then d is a metric on X. A pseudo-metric
d on X is said to be ultrametric if for every x,y, z € X, d(z, z) < max(d(z,y),d(y, z)).

Given a pseudo-metric space (X,d), for every a € X and every r € R, we denote by
Bg(a,r) the “strict” ball {x € X : d(x,a) < r} and we denote by B(a,r) the “large” ball
{r € X : d(z,a) < r}. Notice that large balls of a pseudo-metric space are nonempty. A
pseudo-metric space (X, d) is spherically complete if every chain (i.e. set which is linearly
ordered for the inclusion) of large balls of X has a nonempty intersection.

Example 2. Given a nonempty set X, the discrete metric dgs. on X, associating to each
(z,y) € X x X the real number 1 if x # y and 0 else is ultrametric and the associated metric
space (X, dgisc) is spherically complete since large balls for this metric are singletons and the
whole space X.

4.1.2. Group semi-norms. Given a commutative group (G, +,0), a group semi-norm on G is
a mapping N : G — R, which is sub-additive (for every x,y € G, N(z+y) < N(x)+ N(y))
and symmetric (for every x € G, N(—z) = N(z)) and such that N(0) = 0. If for every
r € G, (N(x)=0= 2 =0), then N is a norm. Given a group semi-norm N on an abelian
group (G,+,0), the mapping d : G x G — R, associating to each (x,y) € G x G the real
number N (z — y) is a pseudo-metric on G. Moreover, if N is a norm, then d is a metric on
G. The semi-norm N is said to be ultrametric if the pseudo-metric dy is ultrametric, which
is equivalent to say that for every x,y € G, N(z 4+ y) < max(N(z), N(y)). The topology on
G associated to the pseudo-metric dy is a group topology on G, which is Hausdorff if and
only if N is a norm.

4.1.3. Absolute values on a commutative field. Given a commutative unitary ring (R, 4+, x,0, 1),
a ring semi-norm (see [11, p. 137]) on R is a group semi-norm on (R, +,0) which is sub-
multiplicative: for every z,y € R, N(z x y) < N(z)N(y); if a ring semi-norm N : R — R,
is non null, then N(1) > 1. If R is a commutative field and if N is a ring semi-norm on
R which is multiplicative (for every z,y € R, N(x x y) = N(z)N(y)) and non null, then
N(1) =1, N is a norm and N is called an absolute value on the commutative field R, and
(R,N) is a valued field.

Ezample 3. Given a commutative field K, the mapping |.|4s. : K — R, associating to each
x € K the real number 1 if x # 0 and 0 else is an absolute value on K, which is called
the trivial absolute value on K. The metric associated to this absolute value is the discrete

metric dg;s. on K, thus, the discrete field (K, |.|4sc) is spherically complete.
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4.1.4. Vector semi-norms on vector spaces over a valued field. Given a valued field (K, |.|)
and a K-vector space F, a vector semi-norm on E (see [11, p. 210]) is a group semi-norm
p : E — R, on the abelian group (E,+) such that for every A € K and every z € E,
p(A.z) = [A|p(x); if (K,|.|) is ultrametric, then the semi-norm p : £ — R, is said to be
ultrametric if and only if for every z,y € E, p(z + y) < max(p(x), p(y)). Given a K-algebra
(A, +, x,0,1,\.), an algebra semi-norm on A is a ring semi-norm on the ring A which is also
a vector semi-norm on the K-vector space A.

4.2. Ingleton’s statement for spherically complete ultrametric valued fields.

Lemma (Ingleton, [6]). Let (K, |.|) be a ultrametric spherically complete valued field, let E
be a K-vector space and let p : EE — R be an ultrametric vector semi-norm. Let F' be a vector
subspace of E and let f : F — K be a linear mapping such that |f| < p. Then, for every
a € E\F, there exists a linear mapping f : F & Ka — K estending f such that |f| < p.

Proof. Ingleton’s proof of this Lemma holds in ZF. For sake of completeness, we give a proof
of this Lemma. We search for some o € K such that:

(1) Vze FYAe K |f(2) + Aal < p(z+ Aa)

Given some « € K, and denoting by K* the set K\{0}, Condition (1) is equivalent to:

vz e FYA e K \A.(f(i) ta) < p(A(§ +a))

Vze FYA €K N If(5)+a)l < Mp(5 +a)

D+l <p(5+a)

V2 € F|f(2) +a)| < p(+ +a)

Ve e FIf(z) — )| < p(s—a)
Let B, the set of large balls B(f(z),p(z — a)) for z € F. The element « € K satisfies (1) if
and only if a € NB,. Given two elements 21,29 € F, then |f(21) — f(22)] = |f(z1 — 22)| <
p(z1 — 29) < max(p(z; — a),p(z2 — a)) since p is ultrametric. If p(z; — a) < p(z2 — a), it
follows that f(z1) € B(f(22),p(22—a)) thus, since (K, |.|) is ultrametric, B(f(z1),p(z2—a)) C

B(f(z2),p(z2 — a)), thus B(f(z1),p(z1 —a)) € B(f(22),p(z2 — a)), so the set of large balls
B, is a chain. Since (K, |.|) is spherically complete, it follows that NB, is nonempty. O

Vze FVYAe K |(f(

Given a spherically complete ultrametric valued field (K, |.|), we now consider Ingleton’s
statement:
Lk, ): "For every K-vector space E endowed with a ultrametric vector semi-norm p : £ —
R, for every vector subspace F' of E and every linear mapping f : F' — K such that | f| < p,
there exists a linear mapping f : E — K extending f such that |f| < p.

Corollary (Ingleton, [6]). For every ultrametric valued field (K, |.|), AC = Ik,

Proof. Use Zorn’s lemma and the previous Lemma. 0]
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4.3. MC implies Ingleton’s statement for null characteristic fields.

Proposition 5. Given a spherically complete ultrametric valued field (K, |.|) with null char-
acteristic, MC implies Lk ). It follows that in ZFA, the full Ingleton statement restricted
to null characteristic ultrametric valued fields does not imply AC.

Proof. Assume that E is a K-vector space endowed with a ultrametric semi-norm p : £ —
R, , and assume that F'is a vector subspace of F and that f : FF — K is a linear mapping
such that |f| < p. Using MC, there exists an ordinal « and some partition (F});e, in
finite sets of E'\F. This implies that there is an ordinal 5 and a strictly increasing family
(Vi)iep of vector subspaces of E such that Vj = F, for every i € [ such that i +1 € 3,
Vig1/V; is finite-dimensional, and for every non null limit ordinal i € 3, V; = U,.;V;. Let
Z be the set of 3-uples (V,W,[) such that VW are subspaces of E satisfying V' C W,
W/V is finite-dimensional and [ : V' — K is a linear mapping satisfying |I| < p. For each
(V,W,l) € Z, using the previous Lemma (which holds in ZFA), the set Aq ;) of linear
mappings | : W — K extending ! and satisfying |I| < p is non-empty; using MC, there is a
mapping associating to every i = (V,W,l) € Z a nonempty finite subset B; of Ayw;). Then,
for every i € Z, define ®(i) := ﬁ > uep, U (here we use the fact that the characteristic of K
is null). Using the choice function ®, we define by transfinite recursion a family (f;);es such
that for each i € 3, f; : V; — K is linear, f; extends f, |fi| < p, and for every i < j € S5, f;

extends f;. Let f:= Ucgf;. Then f: E — K is linear, f extends f and |f| < p. O

Question 5. Given a spherically complete ultrametric valued field (K, |.|), does Bk imply
I(K»H)? Does BEK imply I(KM)?

Question 6 (van Rooij, see [10]). Does the full Ingleton statement (i.e. I for every
spherically complete ultrametric valued field (K, |.|)) imply AC?

Remark 5. If a commutative field K is endowed with the trivial absolute value |.|4s., then
Ik, 4..) 1s the statement Dy, thus the “full Ingleton statement” implies Dy for every com-
mutative field K.

4.4. Ingleton’s statement for ultrametric fields with compact large balls. Given a
valued field (K, |.|) and a filter F on a set I, we denote by |.|7 : K — Rz the quotient
mapping associating to each z € Kz which is the equivalence class of some (;);c; € K/, the
class of (|z;|)ier in Rr. We denote by (Kz), the following unitary subalgebra of “bounded
elements” of the unitary K-algebra Kz: {x € Kz : 3t € R, : |z|r <z t}. We also denote
by N7 : (Kz), = R the mapping associating to each x € (Kz), the real number inf{t €
Ry :|z|r <7 t}. The mapping N|| 7 is a unitary algebra semi-norm on (Kz),; moreover, if
the valued field (K, |.|) is ultrametric, the vector semi-norm N| r is also ultrametric.

Lemma 1. Let (K,|.|) be a ultrametric valued field, let E be a K-vector space and let p :
E — K be a ultrametric vector semi-norm. Assume that F is a vector subspace of E and
that f : F — K is a linear form such that |f| < p. Let I := K. There exists a filter F on I
and a K-linear mapping  : E — (Kx), definable from E, p and f such that v extends f and
such that N 7ot <p.

Proof. Let R C (fin(E) x I) be the following binary relation: given F' € fin(FE) and given
some mapping u : £ — K, then R(F,u) iff u extends f, |u| < p and w;p is linear i.e. for
8



every 2,y € Fand A €K, (r4+y € F = ulz+y) =u(z) +uly) and Az € F = u(Azx) =
Au(z)). Using Ingleton’s Lemma in Section 4.2, the binary relation R is concurrent, thus
it generates a filter F on I. Let ¢ : E — Kz be the mapping associating to each z € F,
the equivalence class of (i(z));c; in Kz. Then, for every x € F, «(z) = f(x) and for every
r € E, |ux)|r < p(x) whence N|| #(v(z)) < p(z). Moreover, ¢ is K-linear: given z,y € E
and A € K, let ' := {z,y, \y,x + \y}; by definition of ¢, the set J := {i € [ : R(F,i)}
belongs to F, and J C {i € I :i(z + \y) =i(x) + Xi(y) }; thus «(x + Ay) = () + Ae(y) so ¢
is K-linear. U

Lemma 2. Given a spherically complete ultrametric valued field (K, |.|), the following state-
ments are equivalent:
(1) L))
(ii) For every filter F on a set I, there exists an additive mapping v : (Kz), — K fizing
every element of K such that for every x € (Kr)y, |r(z)| < Njjr(2).

Proof. (i) = (ii) Given a filter F on a set I, consider the K-linear mapping f : K.1r — K
associating 1 to 1x. Then [f| < pz. Since the vector semi-norm pr : (Kz), — Ry is
ultrametric, (ii) implies a K-linear mapping r : (Kz), — K extending f such that |f] < pr.
Since r is K-linear and fixes 17, r fixes every element of K in Kx.

(ii) = (i) Given a ultrametric vector semi-norm p on a K-vector space F, and a linear
mapping f defined on a vector subspace F' of E such that |f| < p, using Lemma 1, consider
alinear mapping ¢ : £ — (Kz), extending f such that N | o < p. Using (ii), let 7 : Kr — K
be a K-linear retraction such that || < Nj| 7. Then the linear mapping f:=ro¢: F — K
extends f and |f| < p. O

Remark 6 (Hahn-Banach). Consider the Hahn-Banach statement HB: “Given a vector space
E over R, given a subadditive mapping p : £ — R such that for every A € R, and every
x € E, p(Ax) = Ap(z), and given a linear form f defined on a vector subspace F' of E
satisfying | f| < p, there exists a linear mapping f : E — R extending f such that |f| < p’.
It is known (see [4]) that BPI = HB and that HB % BPI. It is also known (see [8]) that
HB is equivalent to the following statement: “For every filter F on a set I, there exists a
R-linear mapping r : (Rx), — R such that (1) = 1 and r is positive.

Question 7. Is there a ultrametric spherically complete valued field (K, |.|) such that HB
is equivalent to Ik )7 Given two distinct prime numbers p and g, are the statements Ig,
and Ig, equivalent? Are they equivalent to HB? Here we denote by Q, (see [11, p. 186]) the
valued field which is the Cauchy-completion of Q endowed with the p-adic absolute value.

Remark 7. Every ultrametric valued field in which every large ball is compact is spherically
complete.

Corollary (van Rooij, [10]). For every ultrametric valued field (K, |.|) such that every large
ball of K is compact, then BPI implies Ik ).

Proof. For sake of completeness, we give the proof sketched by van Rooij. Using Lemma 2, it

is sufficient to show that given a filter F on a set I, there is a K-linear mapping r : (Kx), — K

such that |r| < N 7. Using BPI, let I/ be a ultrafilter on I such that 7 C U. For every

z € (Kr)y, the large ball B(0, N r(z)) of K is compact and Hausdorff, whence for every

(us)ic; € KL and (v;)ic; € K such that x is the class of (u;);e; and the class of (v;)ies in
9



Kgz, then (u;);er and (v;);e; both converge through the ultrafilter U to the same element of
the ball B(0, N|| #(x)): we denote by r(x) this element of K. We have defined a mapping
r: (Kg), = K. Then r : (Kz), — K is additive and fixes every element of K thus r is
K-linear. And |r| < N} 7 by construction. O

Remark 8. In particular, given a finite field K endowed with the trivial absolute value, then K
is compact thus BPI implies D: this is Howard and Tachtsis’s result (see |5, Theorem 3.14]).

Question 8 (van Rooij, see [10]). Does BPI imply the full Ingleton statement?

5. ISOMETRIC LINEAR EXTENDERS
5.1. Continuous dual of a semi-normed vector space over a valued field.

Proposition. Given a valued field (K, |.|) and two semi-normed K-vector spaces (E,p) and
(F,q), a linear mapping T : E — F is continuous with respect to the topologies associated
to the semi-norms p and q if and only if there exists a real number M € R, satisfying
q(T(z)) < p(x) for every x € E.

Given a valued field (K, |.|), and two semi-normed K-vector spaces (E,p) and (F,q), we
denote by CL(E, F') the vector space of continuous linear mappings from E to F. Given
some continuous linear mapping 7' : E — F' and some real number M € R, the following
properties are equivalent:

(1) ¥z € E q(z) < Mp(x)

(2) v € E (p(x) < 1 = q(T(x)) < M)
The real number sup{q(T'(x)) : z € F and p(x) < 1} is called the norm of the operator T,
and is denoted by ||T||cr(z,r) (or [|T|]). The mapping N : L(E, F') — R, associating to each
continuous operator 7' € L(FE, F) its norm ||T’|| is a vector semi-norm, which is ultrametric
is the semi-norm ¢ of F is ultrametric. We denote by E’ the normed vector space CL(E,K),
which is called the continuous dual of the semi-normed space E.

Given a valued field (K, |.|), a semi-normed K-vector space (£, p) and a vector subspace I’
of E, a continuous linear extender from F’ to F' is a continuous linear mapping T : F' — F'
such that for every f € F', T(f) extends f; moreover, if for every f € F’, T'(f) has the same
norm as f, then the continuous linear extender T is isometric.

5.2. Ultrametric isometric linear extenders. Given a spherically complete valued field
(K, |.]), we consider the “isometric linear extender” statement:

LEx,: “For every vector subspace F' of a ultrametric semi-normed K-vector space (E,p),
there exists an isometric linear extender T : F' — E'.

Theorem 2. Given a spherically complete ultrametric valued field (K, |.|), the statements
Ik, and LEx ) are equivalent.

Proof. Iy = LEk,): Given some vector subspace F' of a ultrametric semi-normed vector
space F, let I be the set of mappings ® : I/ — FE’ and let R be the binary relation on
fin(F") x I such that for every Z € fin(F') and every ® € I, R(Z, ®) if and only if for every
[ € Z, the continuous linear form ®(f) extends f and || ®(f)| = || f]|, and ® is K-linear on

spang, (Z). Then the binary relation R is concurrent: given m finite subsets Z1,..., 2, €
fin(F'), let B = {f1,..., f,} be a (finite) basis of the K-vector subspace of F’ generated
by the finite set Uj<;<,, Z;; then using Ik | ), let fi, ..., f, be continuous linear forms on ¥
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extending fi, ..., f, such that for each 4, Hsz = ||fill, let L :span({fi,..., fp,}) = £’ be the
linear mapping such that for each ¢ € {1,...,p}, ®(f;) = fi, and let @ : F' — E’ be some
mapping extending L (for example, define ®(f) = 0 for every f € F'\span({fi,..., fp})
Then for every i € {1,...,m}, R(Z;, ®). Consider the filter F on I generated by {R(Z); Z €
fin(F")}. Then the mapping ® : F' — L(E,Kx) associating to each f € F’ the K-linear
mapping ®(f) : £ — Kz associating to each x € E the class of (f(z))er in Kz is linear, and
for every f € F', ®(f): E — Kr extends f and for every x € E, N | #(®(f)(x)) < || f]lllz]|-
Using Ik ||y and Lemma 2, consider a K-linear retraction r : (Kz), — Kof jr : K — Kz such
that for every x € (Kz)s, |r(z)] < N z(x). Let T : F' — E’ be the mapping f — 7o ®(f).
Then the mapping T : F/ — E’ is an isometric linear extender.

The implication LE(Kv"l) = I(Kv"D is trivial. ]

Remark 9. It can be proved in a similar way, that HB is equivalent to the following statement:
“Given a real normed space (E,|.||) and given a subspace F' of E, there exists an isometric
linear extender T': F' — E'.”
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